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ABSTRACT
In this paper we study various classes of locally convex analytic functions in
the unit disc, which are invariant under the group of Mobius automorphisms
of the unit disc. Bounds for the Schwarzian derivative of functions in these
classes are achieved and used to obtain estimates for the uniform hyperbolic
radius of univalence in these classes.

1. Introduction

Let f(z) be a locally univalent analytic function in the unit disc A=
{z:|z] <1}. Then f(z) is convex in A (i.e. D = f(A) is convex in C) if and only
if f(z) satisfies either one of the following two inequalities (see [1] p. 5):

(1.1) 1+ReZL @0 ea
S
or
_ 2@_ A
(1.2) (1= 12P7 = -2 <2 zEA

On the other hand Nehari proved in [6] that if f(z) is convex in A, then
(1.3) (1= 1z S{2)| =2, zE€EA,
where S/(z) is the Schwarzian derivative of f(z), defined by

S{2)=pAz) —10/(2)’, o) = f"(2)f(2).
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In view of inequalities (1.1), (1.2) and (1.3) we define the following three
classes of analytic functions in A:

(i) Let K(r) be the class of all locally univalent analytic functions in A
which are convex on every hyperbolic disc in A of hyperbolic radius p =
$log((1 + r)/(1 — r)) for some r =< 1. In other words fE€K(r) if and only if
f o g satisfies inequality (1.1) in the disc A, = {z:|z| <r} for every g(z) =
(z+ O/ +¢z2), LEA.

(i1) Let #(n) be the class of all locally univalent analytic functions in A
which satisfy the inequality

)G

1.2 1—-|z
(1.2) (1=1P7% =

22| =2

for all zEA and some n = 1.
(ii1) Let &(B) be the class of all locally univalent analytic functions in A
which satisfy the inequality

(1.3) (1= 1z IS2) =28

for all z€A and some § = 0.
Thus, Nehari’s result [6] may be stated as follows:

F()c Q).
Also, for n > 1 we have by Satz 2.4 in [7]:
F)C LM +3/3n+3).

Other relations between the classes #(n), K(r) and %(f) which have been
discovered by Pommerenke in [7] are:

(1.4) FCKmn—/n*=1) (Satz2.5in[7])
and

(1.5) P(B)C F(J/1+B)  (Folgerung 2.3in [7]).
In this paper we show that

(1.6) K(r)C F(1/ryn £(1/r?)  (see Theorem 2)
and

(1.7 Fn) C L(B(M) (sece Theorem 3)
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where (1)=1 and 1 <B() = 1 + n* for 5 > 1, so that (1.7) is an improve-
ment on Satz 2.4 in [7].

Both (1.6) and (1.7) follow as consequences of Theorem 1 in which we
consider a family of classes of locally convex analytic functions in A, and for
each given class in this family we find values for 7 and § such that the given
class is contained in F (1) N F(B).

Using results of Beesack-Schwarz [2] and Minda [4] we derive from (1.6)
and (1.7) estimates for the uniform radius of univalence of functions in K(r)
and Z(n). In particular we obtain relations between the uniform radii of
convexity and univalence for every universal covering map from A onto any
hyperbolic domain of any connectivity.

In the last section we apply the same technique as in the proof of Theorem 1
to obtain a refinement of Nehari’s result (1.3) in the class of convex functions
of order « in A (see [3]) for all a €(0, 1).

I am grateful to Professors H. M. Farkas, D. Minda and Wangcang Ma for
their very helpful remarks.

2. Q-Local convexity

Let f(z) be a locally univalent analytic function in A. Denote ¢/(z)=
["(@)f(z) and ¢Az;0)=gp.,(z) =(fo8)"(2)/(fog)(z), where g(z)=
(z+ /(1 +{z), {EA. Then

oo (o NYEES AW
(2.1) (A +82)°pz; ) =1 = LDy 1+ 22 —2{(1+{z), (z,{)EAXA.
Let Q be a simply connected domain in C with at least two boundary points
and r €(0, 1). If the condition

(22) w=1+2z¢/z;{)€EQ, foreveryz€EA, ={z:|z| <r}andall {EA.

holds, we say that f(z) is Q-locally convex with radius r, and denote by K(Q; r)
the class of all such functions.

REMARKS. (i) Obviously by definition we have
(2.3) K(r)=K(&;r) forQ={w:Rew>0}.

(1) Every class K(Q; r) is linearly-invariant in the sense that fo g €EK(Q; r)
for every fEK(Q; r) and g(z) = (z + {)/(1 + {2), (z, H)EA X A.
(iii) By condition (2.2) we notice that 1€Q. Hence, by the Riemann
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Mapping Theorem there exists a unique analytic function y(w) that maps Q
onto A, such that y(1) =0 and y'(1)>0.

THEOREM 1. IffEK(Q;r) for a given Q and r €(0, 1), then

@

- 2 3| << A/ —i—1
2.4) ’(1 |z| )f’(z) 22‘ =y 'r 7 ZEA
and
22 zf”(z) N
(2.5) (1= [zH*S2) +C (I—IZI)}YZ—)—ZZ ST zZEA,

where C = y"(1) — 4|1 + y7(D)/y"(D)].

PrOOF. By definitions of K(Q;r) and y(w), it readily follows that the
composition (1 + zpz; {)) is an analytic function of z which maps A, =
{z:|z| <r}into A and it vanishes at z = 0. Hence by the Schwarz Lemma we
conclude that the function

F(z; ) =71 + zp(z; Oz, (2, ))EAXA
is also analytic in z and maps A, into A,-. Theorefore we have in particular
(2.6) [F(0; {)| = Ur, {EA,
and by the invariant formulation of the Schwarz Lemma we obtain

riFzOl (z, L)EA, X A.

1= F(z; PR~ rr— |z’

Hence we derive at z =0:
(2.7 [Fi0; O)| + |F(O; )P =1/, [€EA.

Expanding F(z; {) into a power series in z:

AU TR

0
Fz: 0= (o0, 0) + {y’(l)a—z 0z 0)

and using (2.1), we get
F(0; {) = 7’ (Ded0; £) = ({1 — 1{ Pe(£) — 2{]

and
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(1) "' FY(0; C)——wf(z Oicot ,( {)?

’(1)

//( )

0 2
27D ¢A0; {)

= (1= 1¢{P%U ) — 2800 = 1L Pe(D) - C]+—

1 yad =
= (= 1RO~ do e+ 5 1+ ((1))) (1 = 1¢ oA ) — 22T
Thus, inequalities (2.4) and (2.5), respectively, readily follow from (2.6) and
(2.7). q.e.d.

COROLLARY 1. Given Q and r €(0, 1) as above, then

(2.8) KQ;rycFmn S (B)
where

(2.9) n=nQr)=y"1)""r"
and

(2.10) B =B(Q; r)=dmax{y"(1), §| 1 + y"(1)/y’ ()|}’ (1)~ 2

PrOOF. By (2.4) we see that K(L; r) lies in F(n), for the n given by (2.9).
Also, if p(1) = 4|1 + y”(1)/y’(1)|, then C = 0 and hence we have by (2.5)

(L= 1228 =y (1) 'r2=2B(Q; 1)

for every fEK(Q; r) and all zE€A.

Finally, if y’(1) <j|1+ y”(1)/y’(1)|, so that C <0, then (2.5) and (2.4)
imply
7”(1)
(1)
for all fEK(Q; r) and z EA. g.e.d.

1
(1= 1zP560 =5 | 1+

5 YD) 2 =28(Q;r)

REMARK. Using Satz 2.5 in [7] (see (1.4)) and a generalization of Nehari’s
univalence criterion [5] due to Beesack-Schwarz [2] and Minda [4], one may
derive from Corollary 1 lower bounds for the uniform hyperbolic radii of
convexity and univalence for all fin K(Q; r).

In another direction one can localize (2.4) and (2.7) and derive coefficient
inequalities for normalized functions in K(Q; r):
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COROLLARY 2. Iff(z)=z+ ZF.,a,z2" €EK(Q; r) for given Qandr€(0, 1],
then

(2.11) lay| = 3 (1)~ 'r!
and

< , _121(1_)} 1y-2p-2
2.12) |a3|=émax{y(l),’l 2710 y(1)y~r2

Next, applying Theorem 1 to the class K(J, r) = K(€(d); r), where Q(J) =
{w:|arg w| <md/2}, for 0 = r = min(1, ), J > 0, we obtain the relation (1.6)
in an improved form:

THEOREM 2. Iff€K(J, r) for given &, r as above, then

(2.13) (1—|z|2)2|S(z)|-+-i(l—|z|2)f@—22'2<25r‘2 ZEA
' T fa LT T

Hence we have in particular

(2.14) K@, r)C F@Ir)n LIr?).

Proor. Indeed, in this case we take y(w)=(w'® — 1)/(w"® + 1) which
maps Q(J) onto A and compute:

" 1
vy=1/26, “X 1 and c=y1(1)=1126.
y'(1)
Thus (2.5) readily yields (2.13), and (2.14) as well. q.e.d.

Notice that in the case r =40 = 1, Theorem 2 implies an improvement on
Nehari’s necessary condition (1.3) for convexity (cf. [8]):

COROLLARY 3. Let f(z) be a convex analytic function in A. Then
” 2
W,
f1(z2)

holds for all z €A and is sharp, as equality is attained identically in A by all the
functions

@) ={Q0-2)1+2)}, forpe(—-1,1), B#0

=2

1
(2.13) (1= 12P)2184(2)] +5|(1 = |z|

and

So(z) =log[(1 — z)/(1 + z)].
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Theorem 3 in [2] (or Theorem 3 in [4]) yields the following geometric
interpretation of Theorem 2 in the case § = 1:

COROLLARY 4. Iff€K(r) for somer€(0, 1), then f(z) is uniformly locally
univalent in the sense of [4), that is, f(z) is univalent in every hyperbolic disc in
A, of hyperbolic radius

(2.15) P2 2\/—75 2Slnhpc(f)

wherep.( f) = 3log[(1 — r)/(1 + r)] is the uniform hyperbolic radius of convexity
of f(z).

ProoF. By Theorem 3 in [2] (cf. [4]), f(z) is univalent in every hyperbolic
disc in A of hyperbolic radius p = n/2k, provided that f€ #(1 + k?). On the
other hand, by Theorem 2, if f€K(r), then f€ L(r~?), i.e. k =(r"2— 1)"2,
and (2.15) follows. g.e.d.

REMARK. Conversely, from Theorem 4 in [4], Folgerung 2.3 and Satz 2.5
in [7] we conclude that if f(z) is univalent in every hyperbolic disc in A of a
pseudo-hyperbolic radius R = tanh p,( /) = r,(f)> 0, then

fELBRHC F(J/T+3R HCK(/1+3R 1~ /3R™Y).

3. The class #(n) and the Schwarzian derivative

In this section we apply Theorem 1 to the class #(#) and find, in particular,
an estimate for §, such that #(n) C &(f).

First we show that every function f€ #(n) is Q(n, r)-locally convex with
radius r, for all r €(0, 1), where

1+r? 2nr
Q(n,r)={w: \W— 1—r <1—r2}'
LEMMA 1. Letn = 1. Then
(3.1) F(n)=N{K(Qn,r);r), r€(0, 1)}.

PrOOF. Observe, first, that condition (1.2) may be written as follows:

(f22)O)|
Sy~

for every Moébius automorphism g({) = (a{ + z)/(1 + az{) of A. Hence, the

(3.2)
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class #(n) is linearly-invariant (cf. [7]) in the sense that f o g € #(n) for every
fE€ F(n) and all Mobius automorphisms g({) of A. Also notice that inequality
(1.2’) may be written in the form

1+ |z 21|z
(3.3) '1+Z(pf(z)—- | | = 1 lz, o/(z) = f"(2)If(z), zEA.
I=1z|"l  1=z|
Hence, f€ #(n) if and only if
1+1{z% _ 27z|
1 +zpdz; () — = ,
1 7z 0) 1= |zPl T1-zp

holds for all (z, {)EA X A, where ¢/(z; {) is defined in (2.1). This means that
w=1+2¢(z; )EQ(n,|z|) for all (z,{)EAXA. But Q(n,|z])CQn,r)
whenever |z| <r, for every r =1 =< 5 and this completes the proof. q.e.d.

THEOREM 3. Iff€F(n) for somen = 1, then

G4 (=120 + L]0 = 12pL2 2 <2ptm), zen
2 )

and

(3.5) (- 1zPSA2) = 2B(n),  z€A,

where

p(n)=n*+(n+1/2n)/n* — 1.
and 1 = B(n) = 1 + n? is given by:
(3.6) B =1+n* fornz/1+/2

and

ﬂ(ﬂ) — {é [(277,4 - 18712 _ 1) + ('72 _ 1)1/2(9,,2 _ 1)3/2]},”2
n

(36) forlsns 142

PrOOF. By Lemma 1, if f€ #(n) then f€K((n, r); r) for every r€(0, 1).
Therefore we can apply Theorem 1 to the case that Q = Q(n, r) for a fixed
n = 1 and a variable r €(0, 1). Thus

n(1 —r)w—1)
r[(1 —r)w + 22 —ri—1)]

y(w)= :Qn, r)— A,
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ai=r) 1=
(it =ry v pP-r

Y=

and
1 —nr

C=y(1)—31+y"()y' (1)) =C(r) =T
r(n—r)

Hence inequality (2.5) yields:

@)

2
72 221 =2q(r), z€EA,

G A= 1z + C(r) |1 = 1z1)

where
a(r) ='W~ 'r 2 =*— r’Ylnr(1 = r)).

Now if we set r =5 — /1* — 1, (3.7) implies (3.4) with the given p(n).
Next, notice that C(r) > 0 only for r €(0, 1/n) and therefore

2q(r) forl =r=1/n,

, _ 2y2
371 lzl)ISf(Z>lé{zq(,)_4,,zc(r) for r  1/1.

Observe now that the minimum value of ¢(r) in the interval (0, 1) is attained at
ro={{Gn*— 1) — (n* = DOn* — 1))} "%, and q(r)) =B(n) as given in
(3.6'). But r, < 1/5 only for n =./1 + /2, and if 7 Z \/1 + /2 then q(r) =
q(1/9) =1+ n*for all r €(0, /). On the other hand

2 r
" )
—r 1-r

which obviously is an increasing function of r in the interval 1/p =r <1, and
therefore we get in that interval

1
a(r) — 2pCr) =1 (
n n

q(r) — 2n*C(r) Z q(1/n) — 2n*C(1/n) = q(1/n) = 1 + n*.
This proves (3.5) with the S(n) given by (3.6) and (3.6). q.e.d.
Using the arguments of the proof of Corollary 4 we conclude:

COROLLARY 5. Let f€EF(n)for somen = 1. Then f(z) is univalent in every
hyperbolic disc in A with the hyperbolic radius

(3.8) pl N2 /B(n)— 1= n/29.
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Next we derive some coefficient inequalities for normalized functions
fZy=z+ZF*,a,z"in F(n).

COROLLARY 6. Let flz)=z+ 7., a,z"€F(n) for some n = 1. Then

(3.9) lay —a3| +3la, )P S 3n*+ (n + 12m)/n* — 1],
(3.10) lay— a2| B3 =(1+ )3
and
2n?
(3.11) FAEY (2n 1 +3).

61

PrOOF. Inequalities (3.9) and (3.10) are localized versions of (3.4) and
(3.5), respectively, at z = Q.

Next, if we substitute the values of y’(1) and y”(1)/y’(1), that have been
computed in the proof of Theorem 3, into (2.12), we obtain

’72_'.2

a;| < imax{(1 — rdn, (1 +29* = 3r’ ) ————
l 3| 3 [( )'I( n )]nzr(l_rz)z

= Ay(r),

for every r€(0, 1), and hence
|as] = min Ay(r) = A{(/77+ 3 = n)3)

2n —J/n*+3). g.e.d.

6n

4. Convex functions of order «

An analytic function f{z) in A is convex of order «, for some a €(0, 1), if f(z)
satisfies the improved convexity condition

zf"(z)
f@2)

Although the class of all convex functions of order « in A is not a linearly-
invariant family, for o > 0, the technique of the proof of Theorem 1 may be
applied here to derive sharp bounds for |(1— [z|)¢{z)—2z| and for

(1= 1z )| SK2)I.

4.1 1 +Re > a, z€EA (see[3]).
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THEOREM 4. Let f(z) be an analytic function in A. Then the following
statements are equivalent:
(1) f(z) is convex of order a in A.

(i1)
4.2) ‘(l—lz {f(()) ‘}éZ[l-—a(l—lzP)]“z, ZEA.
(iii)
(4.3) l(l |z 2 f;(()) "§2[1—a(1—|z|)], ZEA.
(iv)
(4.4) ,(1 |z ?’(()—Z(I—a)z <Al-a), zEA.
v)

f"(z)
f@)

ProoF. The implications (v)=(ii) and (iv)= (iii)= (ii) are trivial. There-
fore we just have to show that (ii)=> (i) and (i) implies both (iv) and (v). Indeed
if we square (4.2) and simplify we obtain

fl/
f "(2)

and hence inequality (4.2) implies (4.1).

Conversely, inequality (4.1) tells us that the analytic function w =1+
204z), 9Az)=f"(z)/f(z), maps the unit disc A into the half plane
{w:Rew>a}. This half plane is mapped back onto A by the mapping
gw)=(w — 1)/(w + 1 — 2a). Hence the composition of these two functions:

4.5) (1 — |z )% SA2)] +%‘(1 —1z]) —22|2§ Al —a(l = |2?)], zEA.

0=(1—-|z

zf ”(Z))
f(2)

4<l—a+R

— Z¢f(z) — {7 7
&(l +Z(/)f(2))—2(1 "+ 2002) oAz) = () f'(2),

satisfies the requirements of the Schwarz Lemma, and therefore

g(1 + zp(2)) _ )

F(z)=
2(1 — a) + zpAz)

maps A into itself. Hence we have

(4.6) |IF(z)| =1 forallz€EA,
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and moreover, by the invariant formulation of the Schwarz Lemma [1, p. 3],
we obtain

4.7) (1= 1z F(2)| 21— |F(2)]? for all z€A.
Inequality (4.6) may be written as follows:
l0A(2) 1P = 4(1 — a)? + 4(1 — a)Re zp[z) + | zp(2) 1%

or

12 :_ M=) M 2)
(1 lﬂ)(Wf(ZN Rez(ﬂf(z)‘?‘(l_lzlz)zlzf

(I—1zP

§4u~ay@+-lzp)

1— |z
which is inequality (4.4). Similarly, inequality (4.7) may be written in the form
(1= 1211201 — Jpiz) — 9A2)*| = 121 — @) + z942) 1 — | @A2) |
and, since 0 = « < 1, this inequality yields
(1 — 12201 — ) 9iz) — Yo d2)’] — alof2)1?)
41—l —a+Rezp(2)] — (1 — |z )lof2)|?

and simplifying it we get

(1- |le){|¢f’(z) — o2 Hlg)P - 27 Re wa(z)}

<2l—a), zEA.
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Finally, adding 2|z |(1 — | z|?) to both sides, inequality (4.5) follows at once.
The functions f(z) = (1 — z)*~! for a #14, or f{z) =log(l —z) for a =14,
show that all the conditions (i1)-(v) are sharp as necessary conditions. Further-
more, these functions satisfy the equalities in (4.4) and (4.5) identically in A.
g.e.d.

Inequalities (4.4) and (4.5) readily yield at z = 0:

CoOROLLARY 7. Letf(z)=z + 2., a,z" be a convex function of order a in
A, for some a€(0, 1). Then

(4.8) la] Sl —a,  las] =1 —-a)3—20),

and equalities are attained in both inequalities by the coefficients of the function
fi2)=[1—(1—2)"""YQRa— 1) fora+ 4, or fiz)=log(l —z) fora = }.
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